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a b s t r a c t
A Steiner quadruple system (X,B) is said to be (1, 2)-resolvable if its blocks can be
partitioned into r parts such that each point of X occurs in exactly two blocks in each part.
The necessary condition for the existence of (1, 2)-resolvable Steiner quadruple systems
RSQS(1, 2, v)s is v ≡ 2 or 10 (mod 12). Hartman and Phelps in [A. Hartman, K.T. Phelps,
Steiner quadruple systems, in: J.H. Dinitz, D.R. Stinson (Eds.), Contemporary Design Theory,
Wiley, New York, 1992, pp. 205–240] posed a question whether the necessary condition
for the existence of (1, 2)-resolvable Steiner quadruple systems is sufficient. In this paper,
we consider the last twenty orders of (1, 2)-resolvable Steiner quadruple systems and
show that the necessary condition for the existence of (1, 2)-resolvable Steiner quadruple
systems is also sufficient except for the order 10.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A t-wise balanced design (tBD) with index λ is a pair (X,B), where X is a finite set of points and B is a set of subsets of
X , called blocks with the property that every t-element subset of X is contained in exactly λ blocks. A 2BD is usually called
a pairwise balanced design. If |X | = v and block sizes of B are all from K , we denote the tBD by Sλ(t, K , v). We will denote
an S1(t, K , v) by S(t, K , v). When K = {k}, we simply write k for K . An S(t, k, v) is called a Steiner system. An S(3, 4, v) is
called a Steiner quadruple system and denoted by SQS(v). Hanani [3] showed that an SQS(v) exists if and only if v ≡ 2 or
4 (mod 6).
An SQS(v) (X,B) is said to be (t, α)-resolvable if its block setB can be partitioned into r parts π1, π2, . . . , πr such that
(X, πi) is an Sα(t, 4, v) for all i, clearly t = 1 or 2. We will denote a (t, α)-resolvable SQS(v) by RSQS(t, α, v).
It has been proved by Hartman and Phelps [7] that the necessary conditions for the existence of an RSQS(1, α, v) are
v ≡ 2 or 4 (mod 6),
αv ≡ 0 (mod 4),
v(v − 1)(v − 2)
6
≡ 0 (mod αv).
The classical existence question for resolvable Steiner quadruple systems is the existence problem for (1, 1)-resolvable
Steiner quadruple systems RSQS(1, 1, v)s. The necessary conditions for t = α = 1 reduce to v ≡ 4 or 8 (mod 12). Booth [1],
Greenwell and Lindner [2], Hartman [4–6] and Ji and Zhu [10] have proved that the necessary condition is also sufficient.
Theorem 1.1. The necessary condition for the existence of an RSQS(1, 1, v), i.e., v ≡ 4 or 8 (mod 12), is also sufficient.
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When α = 2, the necessary condition for the existence of (1, 2)-resolvable Steiner quadruple systems RSQS(1, 2, v)s is
v ≡ 2 or 10 (mod 12). Hartman and Phelps in [7] posed a question whether the necessary condition for the existence of
(1, 2)-resolvable Steiner quadruple systems is sufficient. Recently, Meng et al. [12], Zhang and Ge [15] and Meng et al. [13]
have proved that the necessary condition is also sufficient but there are twenty orders that have not been determined.
Theorem 1.2. The necessary condition for the existence of an RSQS(1, 2, v), i.e., v ≡ 2 or 10 (mod 12), is also sufficient except
for v = 10 and possibly for v ∈ {82, 122, 130, 298, 346, 358, 370, 386, 430, 562, 778, 1018, 1030, 1070, 1090, 1858, 2242,
2930, 3142, 3202}.
In this paper, we consider the last twenty orders of (1, 2)-resolvable Steiner quadruple systems and show that the
necessary condition on the existence of (1, 2)-resolvable Steiner quadruple systems is also sufficient except for the order 10.
Theorem 1.3. The necessary condition for the existence of an RSQS(1, 2, v), i.e., v ≡ 2 or 10 (mod 12), is also sufficient except
for v = 10.
The remainder of this paper is organized as follows. In Section 2, we obtain some results of strict resolvable s-fan H
designs. In Section 3, we use the known s-fan H designs to give some results of (1, 2)-resolvable candelabra quadruple
systems. In Section 4, we determine the last twenty orders of (1, 2)-resolvable Steiner quadruple systems.
2. Strict resolvable s-fan H designs
Let v be a non-negative integer, let t be a positive integer and K be a set of some positive integers. A group divisible
t-design (or t-GDD) of order v and block sizes from K denoted by GDD(t, K , v) is a triple (X,G,B) such that
(1) X is a set of cardinality v (called points),
(2) G = {G1,G2, . . .} is a set of non-empty subsets of X (called groups) such that (X,G) is a 1-design,
(3) B is a family of subsets of X (called blocks) each of cardinality from K such that each block intersects any given group in
at most one point,
(4) each t-set of points from t distinct groups is contained in exactly one block.
The type of the t-GDD is defined as the multiset {|G| : G ∈ G}.
A GDD(t, k, gn) of type gn is also called an H design and denoted by H(n, g, k, t). Mills [14] showed that for n ≥ 3, n ≠ 5,
an H(n, g, 4, 3) exists if and only if ng is even and g(n− 1)(n− 2) is divisible by 3, and that for n = 5, an H(5, g, 4, 3) exists
if g is divisible by 4 or 6. Ji [8] improved these results by showing that an H(5, g, 4, 3) exists whenever g is even, g ≠ 2 and
g ≢ 10, 26 (mod 48). When g = 1, an H(n, 1, 4, 3) is just a Steiner quadruple system of order n.
An H(n, g, 4, 3) is (1, α)-resolvable, denoted by (1, α)-H(n, g, 4, 3), if its block set can be partitioned into parts
(called α-resolvable classes), such that each point of the design occurs in exactly α blocks in each part. When α = 1, a
(1, 1)-RH(n, g, 4, 3) is also called a resolvable H(n, g, 4, 3) and denoted by RH(n, g, 4, 3).
Theorem 2.1 ([15]). The necessary conditions gn ≡ 0 (mod 4), g(n − 1)(n − 2) ≡ 0 (mod 3) and n ≥ 4 for the existence
of an RH(n, g, 4, 3) are also sufficient except possibly for g ≡ 4, 8 (mod 12) and n = 73, 149, or for g ≡ 0 (mod 12) and
n ∈ {15, 21, 27, 33, 39, 69, 75, 87, 105, 111, 129, 147, 213, 231, 243, 321}.
Lemma 2.2 ([15]). If there exists an RH(n, g, 4, 3) and g is even, then there exists a (1, 2)-RH(n, g, 4, 3).
From Theorem 2.1 and Lemma 2.2, we obtain the following result.
Lemma 2.3. There exists a (1, 2)-RH(4, g, 4, 3) for g ≡ 0 (mod 2).
An H(n, g, 4, 3) is called s-fan if its block set can be partitioned into disjoint subsets B1,B2, . . . ,Bs and A such that
everyBi is the block set of an H(n, g, 4, 2) for 1 ≤ i ≤ s. EveryBi is also called a 1-fan.
Lemma 2.4 ([9]). For g ≥ 4 and g ≠ 6, 10, there exists a 1-fan H(4, g, 4, 3).
An s-fan H(n, g, 4, 3) is strict resolvable if its blocks can be partitioned into parts (called strict resolution classes) such that
(1) each point of the design occurs in precisely one block in each part, (2) every resolution class contains exactly one block
of every 1-fan. We will denote a strict resolvable s-fan H(n, g, 4, 3) by s-SRH(n, g, 4, 3).
Lemma 2.5. There exists a g-SRH(4, g, 4, 3) for g ≥ 5 and g ≡ 1 (mod 2).
Proof. For g ≥ 5 and g ≡ 1 (mod 2), the design is based on (Zg × Z3) ∪ {∞i : i ∈ Zg} with the groups G3 = {∞i : i ∈ Zg}
and Gi = Zg × {i} for i = 0, 1, 2.
Let x, y, z ∈ Zg , x + y + z ≡ 0 (mod g). Every {{∞i, (x + i)0, (y + 2i)1, (z − 2i)2} : i ∈ Zg} is a strict resolution class.
There are totally g2 strict resolution classes.
When a, b ∈ Zg , a+ b ≡ 0 (mod g), every {{∞i, j0, (a+ 2i+ j)1, (b− i− 2j)2} : i, j ∈ Zg} is a 1-fan. There are totally g
1-fans. It is easy to check every strict resolution class contains exactly one block from each 1-fan. 
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Lemma 2.6. There exists a 1-SRH(4, 4, 4, 3).
Proof. We will construct the desired design on Z16 with groups Gi = {4j + i : j ∈ Z4} for i ∈ Z4. All the blocks are listed
below. The blocks in every row give a strict resolution class on Z16. All the underlined blocks form a 1-fan of the H(4, 4, 4, 3).
{4, 5, 7, 14}, {6, 9, 11, 12}, {8, 10, 13, 15}, {0, 1, 2, 3};
{1, 2, 8, 15}, {3, 9, 10, 12}, {4, 11, 13, 14}, {0, 5, 6, 7};
{1, 2, 4, 7}, {3, 8, 13, 14}, {5, 6, 12, 15}, {0, 9, 10, 11};
{1, 2, 11, 12}, {3, 4, 5, 6}, {7, 8, 9, 10}, {0, 13, 14, 15};
{0, 5, 10, 15}, {2, 3, 8, 9}, {7, 12, 13, 14}, {1, 4, 6, 11};
{0, 6, 11, 13}, {2, 3, 5, 12}, {4, 9, 10, 15}, {1, 7, 8, 14};
{0, 7, 9, 14}, {2, 3, 4, 13}, {5, 6, 8, 11}, {1, 10, 12, 15};
{0, 3, 10, 13}, {1, 6, 7, 12}, {8, 9, 11, 14}, {2, 4, 5, 15};
{0, 3, 5, 14}, {1, 8, 10, 11}, {4, 6, 13, 15}, {2, 7, 9, 12};
{0, 3, 6, 9}, {1, 4, 14, 15}, {5, 7, 10, 12}, {2, 8, 11, 13};
{0, 1, 6, 15}, {2, 5, 7, 8}, {10, 11, 12, 13}, {3, 4, 9, 14};
{0, 1, 11, 14}, {2, 12, 13, 15}, {4, 6, 7, 9}, {3, 5, 8, 10};
{0, 1, 7, 10}, {2, 4, 9, 11}, {5, 8, 14, 15}, {3, 6, 12, 13};
{0, 2, 5, 11}, {1, 3, 6, 8}, {9, 12, 14, 15}, {4, 7, 10, 13};
{0, 2, 9, 15}, {1, 3, 4, 10}, {6, 7, 8, 13}, {5, 11, 12, 14};
{0, 2, 7, 13}, {1, 3, 12, 14}, {4, 5, 10, 11}, {6, 8, 9, 15}. 
Lemma 2.7. There exists a 1-SRH(4, 8, 4, 3).
Proof. Wewill construct the desired design on Z32 with groups Gi = {4j+ i : j ∈ Z8} for i ∈ Z4. All the base blocks are listed
below. The blocks in every two rows form a strict resolution class on Z32. Developing these strict resolution classes (+8mod
32) yields the required strict resolution classes. All the underlined blocks form a 1-fan of the H(4, 8, 4, 3).
{4, 5, 6, 11}, {7, 8, 9, 18}, {10, 12, 13, 15}, {14, 23, 24, 29},
{16, 19, 25, 26}, {17, 20, 27, 30}, {21, 22, 28, 31}, {0, 1, 2, 3};
{1, 2, 4, 19}, {3, 8, 9, 30}, {10, 11, 16, 21}, {12, 14, 25, 31},
{13, 15, 20, 26}, {17, 18, 23, 28}, {22, 24, 27, 29}, {0, 5, 6, 7};
{1, 2, 8, 23}, {3, 4, 5, 22}, {6, 7, 16, 25}, {10, 12, 21, 31},
{11, 20, 29, 30}, {13, 15, 18, 24}, {17, 26, 27, 28}, {0, 9, 14, 19};
{1, 2, 11, 28}, {3, 4, 9, 18}, {5, 7, 20, 26}, {6, 16, 29, 31},
{8, 14, 17, 19}, {12, 15, 22, 25}, {21, 24, 27, 30}, {0, 10, 13, 23};
{1, 2, 15, 20}, {3, 4, 14, 29}, {5, 6, 8, 31}, {7, 12, 21, 30},
{9, 19, 26, 28}, {10, 17, 24, 27}, {13, 16, 18, 23}, {0, 11, 22, 25};
{1, 2, 16, 31}, {3, 4, 17, 26}, {5, 6, 20, 27}, {7, 12, 22, 29},
{8, 9, 14, 23}, {10, 13, 19, 28}, {11, 18, 24, 25}, {0, 15, 21, 30};
{1, 3, 4, 10}, {2, 5, 8, 19}, {6, 12, 27, 29}, {7, 16, 18, 21},
{9, 11, 20, 22}, {13, 23, 24, 30}, {14, 15, 25, 28}, {0, 17, 26, 31};
{1, 3, 6, 20}, {2, 4, 15, 21}, {5, 10, 12, 19}, {7, 17, 22, 28},
{8, 11, 25, 30}, {9, 16, 23, 26}, {13, 14, 24, 31}, {0, 18, 27, 29};
{0, 2, 11, 17}, {3, 6, 13, 16}, {5, 12, 14, 27}, {8, 22, 25, 31},
{9, 19, 24, 30}, {10, 15, 21, 28}, {20, 23, 26, 29}, {4, 18, 1, 7};
{0, 14, 25, 27}, {1, 7, 8, 10}, {2, 3, 5, 12}, {6, 9, 20, 23},
{11, 17, 22, 24}, {15, 18, 28, 29}, {16, 21, 30, 31}, {4, 19, 13, 26};
{0, 9, 18, 31}, {1, 19, 22, 24}, {2, 12, 15, 29}, {5, 7, 28, 30},
{8, 13, 26, 27}, {10, 16, 23, 25}, {11, 14, 17, 20}, {4, 21, 3, 6};
{0, 3, 13, 26}, {1, 6, 7, 28}, {2, 9, 11, 24}, {5, 16, 19, 30},
{8, 14, 21, 27}, {10, 17, 20, 31}, {12, 18, 23, 25}, {4, 22, 15, 29};
{0, 13, 30, 31}, {1, 12, 26, 27}, {2, 7, 21, 24}, {3, 5, 10, 28},
{6, 8, 9, 19}, {11, 16, 18, 29}, {15, 17, 20, 22}, {4, 23, 14, 25};
{0, 1, 18, 23}, {2, 3, 17, 28}, {6, 11, 12, 21}, {7, 14, 20, 25},
{8, 19, 26, 29}, {9, 22, 24, 31}, {13, 15, 16, 30}, {4, 27, 5, 10};
{0, 2, 9, 15}, {1, 14, 19, 28}, {3, 8, 18, 29}, {5, 10, 24, 31},
{6, 7, 12, 13}, {16, 21, 26, 27}, {20, 22, 23, 25}, {4, 30, 11, 17};
{0, 1, 7, 14}, {3, 5, 16, 18}, {6, 11, 28, 29}, {8, 19, 21, 22},
{10, 20, 25, 27}, {12, 13, 23, 26}, {15, 17, 24, 30}, {4, 31, 2, 9}. 
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It is obvious that the following lemma is true.
Lemma 2.8. If there exists an s-SRH(u, g, 4, 3) for u ≥ 4 and an s′-SRH(4, g ′, 4, 3), then there exists an ss′-SRH(u, gg ′, 4, 3).
We then have the following result, where N = {0, 1, 2, . . .}.
Lemma 2.9. For m ≥ 4,m ≡ 0, 1, 3 (mod 4) and m ∉ M = {12× 2n : n ∈ N}, there exists a 1-SRH(4,m, 4, 3).
Proof. Ifm ≡ 1 (mod 2) andm ≥ 5, there is a 1-SRH(4,m, 4, 3) by Lemma 2.5.
If m ≡ 4 (mod 8) and m ∉ M , write m = 4n, where n is odd. For n = 1 there exists a 1-SRH(4, 4, 4, 3) by Lemma 2.6.
For n ≥ 5, applying Lemma 2.8 with a 1-SRH(4, 4, 4, 3) in Lemma 2.6 and a 1-SRH(4, n, 4, 3) in Lemma 2.5, we obtain a
1-SRH(4,m, 4, 3).
If m ≡ 8 (mod 16) and m ∉ M , write m = 8n, where n is odd. For n = 1 there exists a 1-SRH(4, 8, 4, 3) by Lemma 2.7.
For n ≥ 5, applying Lemma 2.8 with a 1-SRH(4, 8, 4, 3) in Lemma 2.7 and a 1-SRH(4, n, 4, 3) in Lemma 2.5, we obtain a
1-SRH(4,m, 4, 3).
Ifm ≡ 0 (mod 16) andm ∉ M , writem = 4n, where n ≥ 4, n ≡ 0 (mod 4). Applying Lemma 2.8 with a 1-SRH(4, 4, 4, 3)
in Lemma 2.6 and a 1-SRH(4, n, 4, 3) above or by induction, we obtain a 1-SRH(4,m, 4, 3). 
3. (1, 2)-RCQSs
A candelabra quadruple system of order v with a candelabra of type (ga11 · · · gakk : s), denoted by CQS(ga11 · · · gakk : s) is a
quadruple (X, S,G,A), where X is a set of v = s +1≤i≤k akgk points, S is a subset of X of size s, and G = {G1,G2, . . .} is
a partition of X \ S of type ga11 · · · gakk . The setA contains 4-subsets of X , called blocks, such that every 3-subset T ⊂ X with|T ∩ (S ∪ Gi)| < 3 for all i, is contained in a unique block and no 3-subset of S ∪ Gi is contained in any block. The members
of G are called branches or groups, and S is called the stem of the candelabra. If all groups have the same size, a CQS will be
called uniform and denoted by CQS(gn : s).
Let (X, S,G,B) be a CQS(gn : s). IfB can be partitioned into (ng(g+2s−3)+n(n−1)g2)/(6α) parts with the following
two properties:
(1) for each group G ∈ G, there are exactly g(g+2s−3)/(6α) parts (called partial α-resolution classes), such that each point
of X \ (G ∪ S) occurs in exactly α blocks in each part,
(2) there are n(n− 1)g2/(6α) parts (called α-resolution classes), such that each point of X occurs in exactly α blocks in each
part,
then this system is called a (1, α)-resolvable candelabra quadruple system and denoted by (1, α)-RCQS(gn : s).Wewill denote
a (1, 1)-RCQS(gn : s) by RCQS(gn : s), and call it a resolvable candelabra quadruple system. (1, α)-resolvable candelabra
quadruple systems play an important role in the construction of (1, α)-resolvable 3-designs (see, for example, [6,12]).
We have proved in [11] that the necessary conditions on RCQS(g3 : s)when g is even are also sufficient.
Theorem 3.1 ([11]). Let g be even and s ≤ g. There exists an RCQS(g3 : s) if and only if
(1) g ≡ 0 (mod 12) and s ≡ 0, 4, 8 (mod 12) or
(2) g ≡ 6 (mod 12) and s ≡ 2, 6, 10 (mod 12) or
(3) g ≡ s (mod 12) for s = 2, 4, 8 or 10.
In [13], we proved that the necessary conditions on (1, 2)-RCQS(g3 : s)when g is even are also sufficient.
Theorem 3.2 ([13]). Let g be even and s ≤ g. There exists a (1, 2)-RCQS(g3 : s) if and only if
(1) g ≡ 0 (mod 12) and s ≡ 0 (mod 2) or
(2) g ≡ 4 (mod 12) and s ≡ 4, 10 (mod 12) or
(3) g ≡ 8 (mod 12) and s ≡ 2, 8 (mod 12).
Lemma 3.3. There exists a (1, 2)-RCQS(84 : 2).
Proof. We will construct the desired design on Z32
{∞0,∞1} with groups Gj = {4i + j : i ∈ Z8}, j ∈ Z4 and a stem
S = {∞0,∞1}. The base blocks consist of two parts. The first part is given below.
{0, 1, 2, a}, {0, 5, 10, a}, {1, 4, 7, b}, {3, 10, 17, b}, {2, 4, 11, 13},
{3, 5, 16, 18}, {6, 9, 16, 31}, {6, 9, 19, 28}, {7, 14, 25, 28}, {8, 14, 17, 23},
{8, 11, 15, 24}, {12, 15, 27, 30}, {12, 20, 25, 29}, {13, 22, 27, 29}, {18, 20, 24, 26},
{19, 21, 23, 26}, {21, 22, 30, 31};
{0, 9, 18, a}, {0, 13, 26, a}, {1, 12, 23, b}, {1, 16, 31, b}, {2, 3, 5, 6},
{2, 3, 7, 8}, {4, 5, 11, 12}, {4, 7, 16, 27}, {6, 19, 22, 24}, {8, 18, 24, 30},
{9, 14, 23, 27}, {10, 15, 21, 26}, {10, 17, 22, 29}, {11, 15, 21, 25}, {13, 14, 28, 29},
{17, 20, 25, 28}, {19, 20, 30, 31}.
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Here, the blocks in every four rows give a 2-resolution class on Z32
{∞0,∞1}. Then, we develop this 2-resolution class
modulo 32 to get all 64 2-resolution classes. Note that in this process, when the number added to the initial 2-resolution
classes is even, a = ∞0, b = ∞1, when the number is odd, a = ∞1, b = ∞0.
The second part of base blocks is given below.
{0, 1, 13, 14}, {0, 2, 14, 20}, {1, 13, 18, 28};
{0, 2, 10, 12}, {0, 4, 21, 25}, {1, 6, 14, 29};
{0, 6, 13, 21}, {0, 6, 17, 25}, {2, 10, 20, 28}.
Here, the blocks in the same row give a partial 2-resolution classmissingG3
{∞0,∞1} by (+8 mod 32). Adding 4 to every
partial 2-resolution class, we obtain another three partial 2-resolution classes missing G3
{∞0,∞1}. Then, for i ∈ Z4,
adding (i + 1) to these six partial 2-resolution classes missing G3{∞0,∞1}, we obtain six partial 2-resolution classes
missing Gi
{∞0,∞1}.
Then, we get the desired (1, 2)-RCQS(84 : 2). 
Lemma 3.4. There exists a (1, 2)-RCQS(124 : 2).
Proof. We will construct the desired design on Z48
{∞0,∞1} with groups Gj = {4i + j : i ∈ Z12}, j ∈ Z4 and a stem
S = {∞0,∞1}. The base blocks consist of three parts. The first part is given below.
{0, 1, 2, a}, {0, 2, 25, b}, {3, 9, 30, a}, {1, 4, 7, b}, {3, 5, 8, 10},
{4, 6, 13, 15}, {5, 7, 18, 20}, {6, 8, 23, 25}, {9, 11, 30, 32}, {10, 13, 24, 27},
{11, 18, 32, 45}, {12, 17, 26, 31}, {12, 22, 33, 43}, {14, 24, 33, 47}, {14, 28, 37, 47},
{15, 21, 28, 34}, {16, 19, 41, 42}, {16, 23, 34, 41}, {17, 20, 36, 39}, {19, 26, 39, 46},
{21, 29, 35, 43}, {22, 29, 37, 44}, {27, 31, 36, 40}, {35, 38, 42, 45}, {38, 40, 44, 46};
{0, 5, 10, a}, {0, 10, 29, b}, {2, 9, 16, a}, {2, 16, 33, b}, {1, 3, 5, 27},
{1, 3, 11, 13}, {4, 6, 18, 20}, {4, 6, 22, 24}, {7, 9, 29, 35}, {7, 11, 17, 21},
{8, 12, 19, 23}, {8, 12, 26, 30}, {13, 17, 30, 34}, {14, 18, 33, 41}, {14, 22, 32, 45},
{15, 21, 36, 47}, {15, 23, 38, 42}, {19, 24, 40, 45}, {20, 25, 35, 40}, {25, 28, 38, 41},
{26, 31, 37, 42}, {27, 32, 39, 44}, {28, 31, 43, 46}, {34, 37, 43, 46}, {36, 39, 44, 47};
{1, 10, 19, a}, {0, 18, 33, b}, {2, 13, 24, a}, {2, 24, 37, b}, {0, 3, 20, 23},
{1, 4, 22, 25}, {3, 7, 26, 32}, {4, 9, 17, 22}, {5, 10, 27, 34}, {5, 11, 17, 35},
{6, 11, 29, 34}, {6, 12, 21, 37}, {7, 8, 12, 13}, {8, 9, 15, 16}, {14, 21, 33, 46},
{14, 26, 35, 47}, {15, 23, 36, 45}, {16, 25, 38, 46}, {18, 30, 36, 47}, {19, 20, 38, 39},
{27, 28, 40, 41}, {28, 29, 43, 44}, {30, 31, 39, 40}, {31, 32, 42, 43}, {41, 42, 44, 45}.
Here, the blocks in every five rows give a 2-resolution class on Z48
{∞0,∞1}. Then, we develop these 2-resolution classes
modulo 48 to get all 144 2-resolution classes. Note that in this process, when the number added to the initial 2-resolution
classes is even, a = ∞0, b = ∞1, when the number is odd, a = ∞1, b = ∞0.
The second part of base blocks is given below.
{0, 1, 17, 18}, {0, 6, 18, 37}, {4, 10, 24, 42},
{4, 12, 21, 41}, {6, 12, 29, 45}, {8, 14, 30, 41};
{0, 1, 21, 22}, {0, 9, 17, 28}, {2, 12, 22, 36},
{2, 13, 25, 36}, {5, 14, 29, 42}, {8, 14, 24, 42};
{0, 8, 25, 38}, {0, 10, 17, 26}, {1, 13, 20, 36},
{2, 14, 28, 40}, {2, 21, 28, 45}, {5, 14, 25, 38}.
Here, the blocks in every two rows give a partial 2-resolution class missing G3
{∞0,∞1} by (+16 mod 48). Adding 4,
8 or 12 to every partial 2-resolution class, we obtain another nine partial 2-resolution classes missing G3
{∞0,∞1}. For
i ∈ Z4, we get twelve partial 2-resolution classes missing Gi{∞0,∞1}, by +(i + 1) to these twelve partial 2-resolution
classes missing G3
{∞0,∞1}.
The third part of base blocks is as follows.
{0, 7, 17, 39}, {24, 31, 41, 15}, {0, 1, 24, 25}.
The three blocks give a partial 2-resolution class missing G2
{∞0,∞1} by+4j, j ∈ Z6. Then, we get a partial 2-resolution
class missing Gi
{∞0,∞1}, i ∈ Z4 by+(i+ 2) to this partial 2-resolution class.
Then, we get the desired (1, 2)-RCQS(124 : 2). 
Lemma 3.5. There exists a (1, 2)-RCQS(124 : 10).
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Proof. We will construct the desired design on Z48
{∞i : i ∈ Z10} with groups Gj = {4i + j : i ∈ Z12}, j ∈ Z4 and a stem
S = {∞i : i ∈ Z10}. The base blocks consist of three parts. The first part is given below.
{0, 1, 2, a}, {3, 9, 30, a}, {0, 2, 25, b}, {1, 4, 7, b}, {3, 4, 6,∞2},
{19, 26, 44,∞2}, {5, 7, 8,∞3}, {20, 26, 31,∞3}, {8, 9, 18,∞4}, {12, 14, 17,∞4},
{17, 20, 22,∞5}, {21, 35, 46,∞5}, {14, 16, 43,∞6}, {10, 11, 36,∞6}, {10, 11, 33,∞7},
{13, 15, 34,∞7}, {13, 15, 32,∞8}, {19, 22, 40,∞8}, {5, 6, 12,∞9}, {16, 18, 47,∞9},
{21, 24, 43, 46}, {23, 24, 41, 42}, {23, 25, 36, 38}, {27, 28, 41, 42}, {27, 30, 37, 40},
{28, 29, 37, 39}, {29, 31, 45, 47}, {32, 33, 44, 45}, {34, 35, 38, 39};
{0, 5, 10, a}, {2, 9, 16, a}, {0, 10, 29, b}, {2, 16, 33, b}, {14, 23, 36,∞2},
{3, 8, 14,∞2}, {18, 36, 43,∞3}, {19, 32, 41,∞3}, {9, 15, 30,∞4}, {13, 20, 39,∞4},
{11, 17, 44,∞5}, {5, 6, 44,∞5}, {8, 13, 43,∞6}, {3, 6, 40,∞6}, {7, 12, 25,∞7},
{1, 4, 15,∞7}, {7, 12, 21,∞8}, {11, 17, 18,∞8}, {1, 4, 31,∞9}, {19, 34, 45,∞9},
{20, 25, 46, 47}, {21, 27, 40, 46}, {22, 32, 37, 47}, {22, 26, 31, 35}, {23, 26, 39, 42},
{24, 28, 34, 38}, {24, 28, 35, 41}, {27, 29, 37, 38}, {30, 33, 42, 45};
{1, 10, 19, a}, {2, 13, 24, a}, {0, 18, 33, b}, {2, 24, 37, b}, {7, 17, 34,∞2},
{12, 27, 46,∞2}, {6, 16, 37,∞3}, {13, 27, 46,∞3}, {9, 26, 44,∞4}, {6, 17, 31,∞4},
{4, 11, 33,∞5}, {12, 30, 47,∞5}, {4, 11, 42,∞6}, {3, 9, 42,∞6}, {1, 7, 16,∞7},
{3, 10, 20,∞7}, {5, 15, 28,∞8}, {8, 19, 34,∞8}, {0, 5, 39,∞9}, {8, 18, 43,∞9},
{14, 23, 40, 45}, {14, 25, 32, 43}, {15, 26, 36, 47}, {20, 21, 40, 41}, {21, 25, 36, 44},
{22, 23, 28, 30}, {22, 29, 38, 45}, {29, 31, 35, 38}, {32, 35, 39, 41}.
Here, the blocks in every six rows give a 2-resolution class on Z48
{∞i : i ∈ Z10}. Then, we develop these 2-resolution
classes modulo 48 to get all 144 2-resolution classes. Note that in this process, when the number added to the initial
2-resolution classes is even, a = ∞0, b = ∞1, when the number is odd, a = ∞1, b = ∞0.
The second part of base blocks is given below.
{0, 1, 16, 17}, {2, 20, 38, 44}, {2, 21, 37, 42},
{4, 12, 38, 46}, {8, 25, 40, 45}, {9, 13, 30, 42};
{0, 5, 30, 36}, {0, 37, 40, 45}, {1, 2, 42, 44},
{1, 25, 30, 44}, {2, 9, 38, 45}, {4, 6, 40, 42};
{0, 8, 30, 38}, {0, 25, 33, 44}, {1, 5, 36, 42},
{2, 20, 34, 40}, {5, 12, 38, 45}, {9, 26, 30, 45};
{0, 2, 30, 33}, {0, 4, 30, 34}, {1, 6, 21, 38},
{4, 13, 28, 41}, {5, 13, 26, 40}, {8, 10, 25, 28};
{0, 2, 4, 26}, {0, 5, 25, 28}, {1, 5, 26, 28},
{1, 9, 14, 30}, {2, 8, 22, 40}, {4, 13, 29, 38};
{0, 2, 22, 28}, {0, 8, 17, 25}, {1, 10, 20, 29},
{2, 9, 30, 37}, {4, 14, 24, 38}, {5, 12, 26, 29};
{0, 6, 22, 32}, {1, 14, 26, 37}, {1, 25, 28, 42},
{2, 14, 28, 40}, {2, 20, 29, 41}, {4, 13, 24, 37}.
Here, the blocks in every two rows give a partial 2-resolution class missing G3
{∞j : j ∈ Z10} by (+16 mod 48). Adding
4, 8 or 12 to these seven partial 2-resolution classes, we obtain another twenty-one partial 2-resolution classes missing
G3
{∞j : j ∈ Z10}. For i ∈ Z4, adding (i+ 1) to these twenty-eight partial 2-resolution classes missing G3{∞j : j ∈ Z10},
we get twenty-eight partial 2-resolution classes missing Gi
{∞j : j ∈ Z10}.
The third part of base blocks is as follows.
{1, 6, 18, 24}, {0, 25, 30, 42}, {0, 1, 24, 25}.
The three blocks give a partial 2-resolution class missing G3
{∞j : j ∈ Z10} by +4j, j ∈ Z6. Then, we get a partial
2-resolution class missing Gi
{∞j : i ∈ Z10}, i ∈ Z4 by +(i + 1) to this partial 2-resolution class. Then, we get all partial
2-resolution classes. 
Lemma 3.6. There exists a (1, 2)-RCQS(125 : 2).
Proof. We will construct the desired design on Z60
{∞0,∞1} with groups Gj = {5i + j : i ∈ Z12}, j ∈ Z5 and a stem
S = {∞0,∞1}. The base blocks consist of two parts. The first part is as given below.
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{0, 1, 4,∞0}, {3, 5, 11,∞0}, {0, 1, 57,∞1}, {3, 5, 57,∞1}, {2, 4, 20, 22},
{2, 6, 21, 25}, {6, 7, 20, 21}, {7, 8, 23, 24}, {8, 9, 32, 33}, {9, 10, 35, 36},
{10, 12, 23, 25}, {11, 13, 28, 30}, {12, 14, 34, 36}, {13, 16, 35, 38}, {14, 17, 41, 46},
{15, 18, 46, 51}, {15, 19, 24, 28}, {16, 19, 22, 49}, {17, 27, 40, 56}, {18, 26, 34, 56},
{26, 33, 45, 53}, {27, 29, 31, 59}, {29, 32, 37, 40}, {30, 37, 47, 54}, {31, 39, 51, 58},
{38, 44, 52, 58}, {39, 41, 48, 50}, {42, 43, 45, 49}, {42, 44, 52, 54}, {43, 47, 55, 59},
{48, 50, 53, 55};
{0, 7, 18,∞0}, {1, 10, 33,∞0}, {0, 7, 49,∞1}, {1, 10, 38,∞1}, {2, 6, 28, 38},
{2, 6, 29, 39}, {3, 8, 27, 34}, {3, 8, 37, 44}, {4, 11, 24, 32}, {4, 11, 34, 57},
{5, 9, 33, 43}, {5, 9, 54, 58}, {12, 16, 20, 46}, {12, 18, 24, 48}, {13, 19, 29, 35},
{13, 19, 39, 45}, {14, 22, 35, 42}, {14, 22, 36, 57}, {15, 31, 42, 50}, {15, 31, 44, 54},
{16, 28, 40, 58}, {17, 26, 36, 53}, {17, 37, 46, 59}, {20, 32, 43, 55}, {21, 23, 47, 49},
{21, 25, 41, 45}, {23, 25, 52, 56}, {26, 30, 51, 55}, {27, 30, 48, 51}, {40, 41, 52, 53},
{47, 50, 56, 59};
{0, 12, 31,∞0}, {1, 14, 35,∞0}, {0, 12, 41,∞1}, {1, 14, 40,∞1}, {2, 10, 21, 37},
{2, 10, 27, 48}, {3, 13, 22, 46}, {3, 13, 25, 51}, {4, 15, 24, 41}, {4, 15, 26, 45},
{5, 16, 39, 56}, {5, 17, 33, 45}, {6, 19, 28, 48}, {6, 19, 32, 49}, {7, 16, 25, 46},
{7, 20, 34, 47}, {8, 22, 36, 52}, {8, 37, 38, 39}, {9, 11, 30, 32}, {9, 11, 34, 36},
{17, 18, 27, 28}, {18, 24, 43, 49}, {20, 29, 51, 58}, {21, 33, 42, 50}, {23, 30, 44, 56},
{23, 31, 47, 55}, {26, 29, 52, 55}, {35, 42, 50, 57}, {38, 44, 53, 59}, {40, 43, 54, 57},
{53, 54, 58, 59};
{0, 14, 36,∞0}, {1, 17, 34,∞0}, {0, 14, 38,∞1}, {1, 17, 44,∞1}, {2, 3, 20, 21},
{2, 3, 22, 23}, {4, 5, 26, 27}, {4, 5, 32, 33}, {6, 7, 58, 59}, {6, 8, 20, 22},
{7, 10, 23, 26}, {8, 11, 28, 31}, {9, 12, 24, 27}, {9, 12, 37, 44}, {10, 15, 24, 29},
{11, 15, 21, 25}, {13, 18, 25, 30}, {13, 19, 42, 50}, {16, 34, 41, 59}, {16, 36, 47, 57},
{18, 29, 43, 54}, {19, 30, 51, 57}, {28, 38, 46, 56}, {31, 35, 49, 53}, {32, 39, 48, 55},
{33, 39, 46, 52}, {35, 40, 48, 53}, {37, 41, 54, 58}, {40, 45, 51, 56}, {42, 45, 52, 55},
{43, 47, 49, 50}.
Here, the blocks in every seven rows give a 2-resolution class on Z60
{∞0,∞1}. Then, we develop this 2-resolution class
modulo 60 to get all 2-resolution classes.
The second part of base blocks is given below.
{2, 7, 23, 28}, {4, 9, 26, 31};
{3, 8, 26, 31}, {4, 12, 27, 49};
{2, 11, 26, 47}, {4, 13, 29, 38};
{1, 11, 22, 42}, {4, 14, 28, 48};
{1, 11, 27, 47}, {3, 14, 29, 48};
{1, 13, 26, 48}, {2, 14, 29, 47};
{1, 14, 29, 46}, {3, 17, 32, 48};
{1, 7, 18, 24}, {3, 9, 21, 27};
{1, 7, 28, 39}, {2, 9, 36, 48};
{4, 12, 21, 33}, {1, 9, 27, 43};
{4, 13, 27, 46}, {2, 11, 29, 48};
{3, 12, 31, 44}, {2, 13, 26, 49};
{1, 12, 29, 43}, {3, 14, 32, 46}.
Here, the two blocks in the same row give a partial 2-resolution class missing G0
{∞0,∞1} by (+5 mod 60). Then, we
get a partial 2-resolution class missing Gi
{∞0,∞1}, 0 ≤ i ≤ 4 by +i to this partial 2-resolution class. Then, we get all
partial 2-resolution classes. 
Lemma 3.7. There exists a (1, 2)-RCQS((4g)4 : 2) for g > 4, g ≡ 0, 3, 5, 8, 9, 11 (mod 12) and g ∉ {12× 2n : n ∈ N}.
Proof. We first construct a CQS(44 : 2) on Z16 ∪ S with special resolvable property, which we denote by CQS*(44 : 2). Its
groups are G′j = {4i+ j : i ∈ Z4}, j ∈ Z4 and its stem is S = {∞0,∞1}. It consists of the following 23 base blocks. Developing
the base blocks (+2 mod 16) generate the required blocks. The base blocks consist of three parts, the first part is as follows.
{0, 1, 2,∞0}, {3, 5, 12,∞0}, {4, 10, 11,∞1}, {7, 13, 14,∞1}, {6, 8, 9, 15};
{0, 3, 6,∞0}, {2, 7, 13,∞0}, {1, 12, 15,∞1}, {5, 8, 10,∞1}, {4, 9, 11, 14}.
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Here, the blocks in every row give a special resolution class on Z16
{∞0,∞1}. Each point of stem occurs in two blocks
in each special resolution class and each point of groups occurs in exactly one block. Then, we develop these two special
resolution classes (+2 mod 16) to get all 16 special resolution classes.
The second part of base blocks is as follows.
{1, 2, 3, 13}, {1, 2, 7, 10}, {3, 5, 6, 9},
{5, 11, 13, 15}, {6, 7, 9, 14}, {10, 11, 14, 15};
{0, 2, 7, 15}, {0, 4, 6, 15}, {2, 3, 8, 11},
{3, 7, 10, 14}, {4, 10, 12, 14}, {6, 8, 11, 12}.
The blocks in the first two rows give a partial 2-resolution class missing G′0∪S. The blocks in the last two rows form a partial
2-resolution class missing G′1 ∪ S. Then, we develop the resulting two partial 2-resolution classes (+2 mod 16) to get the
rest partial 2-resolution classes. For 0 ≤ i ≤ 3, there are exactly 4 partial 2-resolution classes missing G′i ∪ S.
The last base block is {0, 3, 7, 12}. We denote it by B0. Then for j = 0, 1, R0(j) = {B0 + 4j+ i : i ∈ {0, 8}} is a resolution
class of G′0 ∪ G′3 and R1(j) = {B0 + 4j+ i : i ∈ {2, 10}} is a resolution class of G′1 ∪ G′2.
For g > 4, g ≡ 0, 3, 5, 8, 9, 11 (mod 12) and g ∉ {12× 2n : n ∈ N}, let (X,G,B) be a 1-SRH(4, g, 4, 3)with resolution
classes P1, P2, . . . , Pg2 and the groups Gi = {4j+ i : 0 ≤ j ≤ g − 1}, 0 ≤ i ≤ 3. We denote its block set of 1-fan byB ′.
Now, we construct a (1, 2)-RCQS((4g)4 : 2) on Y = (X × Z4) ∪ S, with groups G′′i = Gi × Z4, i ∈ Z4.
For each block B ∈ Pi, B ∉ B ′, 1 ≤ i ≤ g2, construct an RH(4, 4, 4, 3) on B × Z4 with groups {x} × Z4, x ∈ B. Denote its
block set by C iB and resolution classes by P
i
B(m), 1 ≤ m ≤ 16.
For each block B = {x0, x1, x2, x3} ∈ Pi, B ∈ B ′, 1 ≤ i ≤ g2 and xk ∈ Gk, 0 ≤ k ≤ 3, construct a CQS*(44 : 2)
on (B × Z4) S together with its type specified. Denote its block set by AiB. Denote its special resolution classes by
P iB(m), 1 ≤ m ≤ 16, partial 2-resolution classes by P iB(x, j), x ∈ B, 1 ≤ j ≤ 4. For 1 ≤ k ≤ 2, denote the resolution
classes of {x0, x3} × Z4 by P ′B(k) and the resolution classes of {x1, x2} × Z4 by P ′′B (k).
For every x ∈ Gi, i = 0, 1 and k = 1, 2, let B ix = {B : x ∈ B, B ∈ B ′}, then

B∈Bix P
′
B(k) is a resolution class of
(G2i+1 × Z4) ∪ (G2i+2 × Z4). There are totally 2g resolution classes of (G1 × Z4) ∪ (G2 × Z4) and (G0 × Z4) ∪ (G3 × Z4),
respectively. Denote them by C1,2(i) and C0,3(i), respectively, where 1 ≤ i ≤ 2g .
For i ∈ Z4, let {F i1, F i2, . . . , F i4(g−1)} be a one-factorization of the complete g-partite graph K4,4,...,4 on Gi × Z4. For i, j ∈ Z4
and {i, j} ∈ E = {{0, 1}, {0, 2}, {0, 3}, {1, 2}, {1, 3}, {2, 3}}, 1 ≤ l ≤ 4(g−1), 1 ≤ u ≤ 2g , the block set {{x, y, v, w} : {x, y}
is the kth edge of the F il , {v,w} is the (k+u)th edge of the F jl , 1 ≤ k ≤ 2g, }, is a resolution class of (Gi× Z4)∪ (Gj× Z4), two
groups of the (1, 2)-RCQS((4g)4 : 2). There are totally 8g(g − 1) resolution classes of (Gi× Z4)∪ (Gj× Z4). For convenience
we call them Fi,j(k), 1 ≤ k ≤ 8g(g − 1). Denote all the Fi,j(k) by E .
Then E

1≤i≤g2((∪B∈Pi,B∉B′ C iB) ∪ (∪B∈Pi,B∈B′ AiB))

is the block set of a CQS((4g)4 : 2). We need to give its required
resolution classes.
For 1 ≤ k ≤ 2g(8g − 1)/3, let C(k) = F0,1(k)∪ F2,3(k), C(k+ 2g(8g − 1)/3) = F0,2(k)∪ F1,3(k), C(k+ 4g(8g − 1)/3) =
F0,3(k)∪ F1,2(k). For 1 ≤ k ≤ 2g , let C(k+ 2g(8g − 1)) = C0,3(k)∪ C1,2(k). Obviously, there are totally 16g2 C(k) and every
C(k) is a resolution class of X × Z4.
For 1 ≤ i ≤ g2, 1 ≤ m ≤ 16, let P ′(i,m) =

B∈Pi,B∈B′ P
i
B(m)

B∈Pi,B∉B′ P
i
B(m)

. There are totally 16g2 P ′(i,m).
Every P ′(i,m) combining with a C(k) (for 1 ≤ k ≤ 16g2) just is a 2-resolution class of Y .
For 0 ≤ i ≤ 3, 1 ≤ j ≤ 4, x ∈ Gi, let P(x, j) = 1≤i≤g2 B∈B′,x∈B P iB(x, j). Then P(x, j) is a partial 2-resolution class
missing (Gi × Z4) ∪ S.
For 1 ≤ k ≤ (4g2−11g)/3, letD3(k) = F0,1(k+2g(8g−1)/3)∪F0,2(k+2g(8g−1)/3)∪F1,2(k+2g(8g−1)/3),D0(k) =
F1,2(k+g(20g−13)/3)∪F1,3(k+2g(8g−1)/3)∪F2,3(k+2g(8g−1)/3),D1(k) = F2,3(k+g(20g−13)/3)∪F0,2(k+g(20g−
13)/3)∪ F0,3(k+2g(8g−1)/3) and D2(k) = F0,3(k+ g(20g−13)/3)∪ F1,3(k+ g(20g−13)/3)∪ F0,1(k+ g(20g−13)/3).
For 0 ≤ i ≤ 3, and 1 ≤ k ≤ (4g2 − 11g)/3,Di(k) is a partial 2-resolution class missing (Gi × Z4) ∪ S.
We have obtained 16g2 2-resolution classes on Y and g(4g + 1)/3 partial 2-resolution classes missing (Gi × Z4) ∪ S for
0 ≤ i ≤ 3. Then we obtain a (1, 2)-RCQS((4g)4 : 2). 
Lemma 3.8. If there exists a (1, 2)-RCQS(g4 : s) and g is even, then there exists a (1, 2)-RCQS((3g)8 : s).
Proof. We first construct a 1-fan H(8, 3, 4, 3) with special resolvable property (X,G,B) on X = Z24 with groups Gi =
{8j + i : j ∈ Z3}, i ∈ Z8. It consists of the following 34 base blocks. Developing all the blocks of (b)–(f) by (+2 mod 24)
and blocks of (a) by+0,+2,+4, . . . ,+10 will generate the required blocks. All the underlined blocks will generate all the
blocks of a 1-fan. We denote the block set of the 1-fan byA.
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(a) {0, 1, 12, 13}, {4, 5, 8, 9}, {4, 8, 17, 21}, {16, 17, 20, 21}, {5, 9, 16, 20};
(b) {0, 7, 9, 14}, {6, 8, 17, 23}, {6, 15, 16, 17}, {1, 15, 16, 22}, {1, 8, 22, 23};
(c) {0, 2, 5, 6}, {3, 4, 7, 17}, {1, 3, 4, 23}, {1, 7, 19, 20}, {8, 10, 12, 23},
{8, 13, 18, 22}, {9, 11, 15, 20}, {9, 14, 19, 21}, {10, 13, 16, 22}, {11, 16, 17, 18},
{12, 14, 15, 21};
(d) {0, 11, 15, 21}, {1, 2, 4, 14}, {1, 4, 8, 13}, {2, 5, 9, 23}, {3, 6, 8, 20},
{3, 7, 10, 22}, {5, 12, 18, 19}, {6, 13, 17, 19}, {7, 16, 17, 22}, {9, 10, 14, 20},
{12, 16, 18, 23};
(e) {0, 3, 5, 15};
(f) {1, 2, 4, 6}.
Here, the blocks in (a) give a special resolution class of G0 ∪ G1 ∪ G4 ∪ G5. In this special resolution class, every point of the
block {0, 1, 12, 13} (this is a block of 1-fan) occurs once, any point of the others of G0 ∪ G1 ∪ G4 ∪ G5 occurs twice. Then
adding 0, 2, 4, . . . , 10 to this special resolution class, we obtain three special resolution classes on G0 ∪ G1 ∪ G4 ∪ G5 and
G2 ∪ G3 ∪ G6 ∪ G7, respectively. We denote it by P0145(i) and P2367(i), i = 0, 1, 2.
The blocks in (b) give a special resolution class of G0 ∪ G1 ∪ G6 ∪ G7. Developing this initial special resolution class by
(+2 mod 24), we obtain three special resolution classes on Gi ∪Gi+1 ∪Gi+6 ∪Gi+7 for i = 0, 2, 4, 6, respectively. We denote
it by P0167(j), P0123(j), P2345(j) and P4567(j), j = 0, 1, 2.
The blocks in (c) and (d) give a special resolution class of Z24, respectively. Developing these initial special resolution
classes by (+2 mod 24), we obtain twenty-four special resolution classes on Z24. We denote it by P(i), where i ∈ Z24.
The blocks in (e) give a resolution class of G0 ∪ G3 ∪ G5 ∪ G7 by (+8 mod 24). Then adding 2, 4 or 6 to this initial
resolution class, we obtain a resolution class on Gi ∪ Gi+3 ∪ Gi+5 ∪ Gi+7, i = 0, 2, 4, 6. We denote the four resolution classes
by A(j), j = 1, 3, 5, 7 in order.
The blocks in (f) give a resolution class of G1 ∪ G2 ∪ G4 ∪ G6 by (+8 mod 24). Then adding 2, 4 or 6 to this initial
resolution class, we obtain a resolution class on Gi+1 ∪ Gi+2 ∪ Gi+4 ∪ Gi+6, i = 0, 2, 4, 6. We denote the four resolution
classes by A(j), j = 0, 2, 4, 6 in order.
For g is even, let (X ′, S,G′,B ′) be the given (1, 2)-RCQS(g4 : s)with a stem S = {∞i : i ∈ Zs}.
Now, we construct a (1, 2)-RCQS((3g)8 : s) on Y = (X × Zg) ∪ S, with groups G′i = Gi × Zg , i ∈ Z8.
If B ∈ B \A, construct an RH(4, g, 4, 3) on B × Zg with groups {x} × Zg , x ∈ B. Denote its resolution classes by
PB(m), 1 ≤ m ≤ g2.
If B ∈ A, construct a (1, 2)-RCQS(g4 : s) on (B × Zg) S. Denote its 2-resolution classes by PB(m), 1 ≤ m ≤ g2 and
partial 2-resolution classes by PB(x, j), x ∈ B, 1 ≤ j ≤ g(g + 2s− 3)/12.
For i ∈ Z8, let F i = {F i1, F i2, . . . , F i2g} be a one-factorization of the complete 3-partite graph Kg,g,g on Gi × Zg .
For i, j ∈ Z8 and i ≠ j, 1 ≤ l ≤ 2g, 1 ≤ u ≤ 3g/2. Let Fi,j(l, u) = {{x, y,m, n} : {x, y} is the kth edge of the F il , {m, n}
is the (k + u)th edge of the F jl , 1 ≤ k ≤ 3g/2}, then Fi,j(l, u) is a resolution of (Gi × Zg) ∪ (Gj × Zg), two groups of
(1, 2)-RCQS((3g)8 : s). For i, j ∈ Z8 and i ≠ j, there are totally 3g2 Fi,j(l, u). For conveniencewe call it by Fi,j(k), 1 ≤ k ≤ 3g2.
We first give its 42g2 2-resolution classes.
1. The first 24g2 2-resolution classes. For i ∈ Z24, 1 ≤ j ≤ g2,

B∈P(i),B∉A PB(j)

B∈P(i),B∈A PB(j)

is a 2-resolution
class of Y .
2. The other 18g2 2-resolution classes. For 1 ≤ j ≤ g2, every part of the following block set is a 2-resolution class of Y .
(1)

B∈P0145(0),B∉A PB(j)

B∈P0145(0),B∈A PB(j)

(F2,7(j) ∪ F2,7(j+ g2) ∪ F3,6(j) ∪ F3,6(j+ g2));
(2)

B∈P0145(1),B∉A PB(j)

B∈P0145(1),B∈A PB(j)

(F2,3(j) ∪ F6,7(j) ∪ F2,7(j+ 2g2) ∪ F3,6(j+ 2g2));
(3)

B∈P0145(2),B∉A PB(j)

B∈P0145(2),B∈A PB(j)

(F2,6(j) ∪ F2,6(j+ g2) ∪ F3,7(j) ∪ F3,7(j+ g2));
(4)

B∈P2367(0),B∉A PB(j)

B∈P2367(0),B∈A PB(j)

(F0,5(j) ∪ F0,5(j+ g2) ∪ F1,4(j) ∪ F1,4(j+ g2));
(5)

B∈P2367(1),B∉A PB(j)

B∈P2367(1),B∈A PB(j)

(F0,1(j) ∪ F4,5(j) ∪ F0,5(j+ 2g2) ∪ F1,4(j+ 2g2));
(6)

B∈P2367(2),B∉A PB(j)

B∈P2367(2),B∈A PB(j)

(F0,4(j) ∪ F0,4(j+ g2) ∪ F1,5(j) ∪ F1,5(j+ g2));
(7)

B∈P0167(0),B∉A PB(j)

B∈P0167(0),B∈A PB(j)

(F2,4(j) ∪ F2,4(j+ g2) ∪ F3,5(j) ∪ F3,5(j+ g2));
(8)

B∈P0167(1),B∉A PB(j)

B∈P0167(1),B∈A PB(j)

(F2,5(j) ∪ F2,5(j+ g2) ∪ F3,4(j) ∪ F3,4(j+ g2));
(9)

B∈P0167(2),B∉A PB(j)

B∈P0167(2),B∈A PB(j)

(F2,5(j+ 2g2) ∪ F3,4(j+ 2g2) ∪ F2,3(j+ g2) ∪ F4,5(j+ g2));
(10)

B∈P0123(0),B∉A PB(j)

B∈P0123(0),B∈A PB(j)

(F4,6(j) ∪ F4,6(j+ g2) ∪ F5,7(j) ∪ F5,7(j+ g2));
(11)

B∈P0123(1),B∉A PB(j)

B∈P0123(1),B∈A PB(j)

(F4,7(j) ∪ F4,7(j+ g2) ∪ F5,6(j) ∪ F5,6(j+ g2));
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(12)

B∈P0123(2),B∉A PB(j)

B∈P0123(2),B∈A PB(j)

(F4,7(j+ 2g2) ∪ F5,6(j+ 2g2) ∪ F4,5(j+ 2g2) ∪ F6,7(j+ g2));
(13)

B∈P2345(0),B∉A PB(j)

B∈P2345(0),B∈A PB(j)

(F6,0(j) ∪ F6,0(j+ g2) ∪ F7,1(j) ∪ F7,1(j+ g2));
(14)

B∈P2345(1),B∉A PB(j)

B∈P2345(1),B∈A PB(j)

(F6,1(j) ∪ F6,1(j+ g2) ∪ F7,0(j) ∪ F7,0(j+ g2));
(15)

B∈P2345(2),B∉A PB(j)

B∈P2345(2),B∈A PB(j)

(F6,1(j+ 2g2) ∪ F7,0(j+ 2g2) ∪ F6,7(j+ 2g2) ∪ F0,1(j+ g2));
(16)

B∈P4567(0),B∉A PB(j)

B∈P4567(0),B∈A PB(j)

(F0,2(j) ∪ F0,2(j+ g2) ∪ F1,3(j) ∪ F1,3(j+ g2));
(17)

B∈P4567(1),B∉A PB(j)

B∈P4567(1),B∈A PB(j)

(F0,3(j) ∪ F0,3(j+ g2) ∪ F1,2(j) ∪ F1,2(j+ g2));
(18)

B∈P4567(2),B∉A PB(j)

B∈P4567(2),B∈A PB(j)

(F0,3(j+ 2g2) ∪ F1,2(j+ 2g2) ∪ F0,1(j+ 2g2) ∪ F2,3(j+ 2g2)).
Next, we give the 3g(3g + 2s− 3)/12 partial 2-resolution classes missing G′i ∪ S for every i ∈ Z8
1. For 0 ≤ i ≤ 7, x ∈ Gi, 1 ≤ j ≤ g(g+ 2s− 3)/12, let P(x, j) =x∈B,B∈A PB(x, j). Then P(x, j) is a partial 2-resolution class
missing G′i ∪ S. Since |Gi| = 3, there are 3g(g + 2s− 3)/12 partial 2-resolution classes missing G′i ∪ S.
2. For 1 ≤ j ≤ g2/2, B∈A(1) PB(j)(F2,4(j+ 2g2) ∪ F2,6(j+ 2g2) ∪ F4,6(j+ 2g2)) is a partial 2-resolution class missing
G′1 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(3) PB(j)(F4,6(j+ 5g2/2)∪ F0,4(j+ 2g2)∪ F6,0(j+ 2g2)) is a partial 2-resolution class missing
G′3 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(5) PB(j)(F6,0(j + 5g2/2) ∪ F2,6(j + 5g2/2) ∪ F0,2(j + 2g2)) is a partial 2-resolution class
missing G′5 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(7) PB(j)(F0,2(j + 5g2/2) ∪ F0,4(j + 5g2/2) ∪ F2,4(j + 5g2/2)) is a partial 2-resolution class
missing G′7 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(0) PB(j)(F3,5(j+ 2g2) ∪ F3,7(j+ 2g2) ∪ F5,7(j+ 2g2)) is a partial 2-resolution class missing
G′0 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(2) PB(j)(F5,7(j+ 5g2/2)∪ F1,5(j+ 2g2)∪ F7,1(j+ 2g2)) is a partial 2-resolution class missing
G′2 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(4) PB(j)(F7,1(j + 5g2/2) ∪ F3,7(j + 5g2/2) ∪ F1,3(j + 2g2)) is a partial 2-resolution class
missing G′4 ∪ S.
For 1 ≤ j ≤ g2/2, B∈A(6) PB(j)(F1,3(j + 5g2/2) ∪ F1,5(j + 5g2/2) ∪ F3,5(j + 5g2/2)) is a partial 2-resolution class
missing G′6 ∪ S.
Then we obtain a (1, 2)-RCQS((3g)8 : s). 
From Lemmas 3.5, 3.7 and 3.8, we obtain the following results.
Lemma 3.9. There exists a (1, 2)-RCQS(368 : 10).
Lemma 3.10. There exists a (1, 2)-RCQS((12g)8 : 2) for g > 4, g ≡ 0, 3, 5, 8, 9, 11 (mod 12) and g ∉ {12× 2n : n ∈ N}.
Lemma 3.11 ([12]). Suppose that there exists an RSQS(u + 1). If there exist a (1, 2)-RCQS(g3 : s) and a (1, 2)-RH(4, g, 4, 3),
then there exists a (1, 2)-RCQS(gu : s).
Lemma 3.12. There exists a (1, 2)-RCQS(gu : s) for u ≡ 3, 7 (mod 12) and
(1) g ≡ 0 (mod 12) and s ≡ 0 (mod 2) or
(2) g ≡ 4 (mod 12) and s ≡ 4, 10 (mod 12) or
(3) g ≡ 8 (mod 12) and s ≡ 2, 8 (mod 12).
Proof. Applying Lemma 3.11with an RSQS(u+1) in Theorem1.1, a (1, 2)-RCQS(g3 : s) in Theorem3.2 and a (1, 2)-RH(4, g,
4, 3) in Lemma 2.3, we obtain the designs. 
4. RSQS(1, 2, v)s
In this section, we will construct the last 20 designs in Theorem 1.2. To state the following main recursive theorem
for (1, α)-RSQSs, we need the notion of a (1, α)-resolvable quadruple system with a (1, α)-resolvable subsystem. Let
(X,B) be an RSQS(1, α, v) with an α-resolution P1, P2, . . . , Pr(v), and let (Y ,A) be an RSQS(1, α, u) with an α-resolution
P ′1, P
′
2, . . . , P
′
r(u) such that Y ⊂ X,A ⊂ B and P ′j ⊂ Pj for 1 ≤ j ≤ r(u). Then (X, Y ,B,A) is called an RSQS(1, α, v) with a
(1, α)-resolvable subsystem of order u and will be denoted by (1, α)-RSQS(v : u).
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Lemma 4.1 ([12]). Suppose that there exists a (1, 2)-RCQS(gn : s). If there exists a (1, 2)-RSQS(g + s : s), then there exists a
(1, 2)-RSQS(ng + s : g + s) and a (1, 2)-RSQS(ng + s : s).
Lemma 4.2. There exists a (1, 2)-RSQS(22 : 10) and a (1, 2)-RSQS(46 : 22).
Proof. The (1, 2)-RSQS(22 : 10) can be found in [15]. Applying Lemma 4.1 with a (1, 2)-RCQS(123 : 10) in Lemma 3.12 and
a (1, 2)-RSQS(22) in Theorem 1.2, we obtain a (1, 2)-RSQS(46 : 22). 
Lemma 4.3. For v ∈ {82, 122, 130, 298, 346, 358, 370, 386, 430, 562, 778, 1018, 1030, 1070, 1090, 1858, 2242, 2930,
3142, 3202}, there exists an RSQS(1, 2, v).
Proof. For v ∈ {82, 130, 370, 562, 1090, 1858, 2242, 2930, 3202}, write v = 4(w − 2) + 2. From Theorem 1.2, we know
that there exists an RSQS(1, 2, w)with a subsystem of order 2 forw ∈ {22, 34, 94, 142, 274, 466, 734, 802}, except for the
RSQS(1, 2, 562), which follows from this proof. The results then follow from Lemma 4.1 with a (1, 2)-RCQS((w − 2)4 : 2)
in Lemma 3.7.
For v = 122, we begin with a (1, 2)-RCQS(124 : 2) in Lemma 3.4 and apply Lemma 4.1 with a (1, 2)-RSQS(14 : 2) in
Theorem 1.2 to obtain a (1, 2)-RSQS(50 : 14). The result then follows from Lemma 4.2 with a (1, 2)-RCQS(363 : 14) in
Theorem 3.2.
For v = 298, we begin with a (1, 2)-RCQS(123 : 10) in Theorem 3.2, apply Lemma 4.1 with a (1, 2)-RSQS(22 : 10)
in Lemma 4.2 to obtain a (1, 2)-RSQS(46 : 10). The result then follows from Lemma 4.1 with a (1, 2)-RCQS(368 : 10) in
Lemma 3.9.
For v = 346,we beginwith a (1, 2)-RCQS(124 : 10) in Lemma 3.5, apply Lemma 4.1with a (1, 2)-RSQS(22 : 10) to obtain
a (1, 2)-RSQS(58 : 22) and a (1, 2)-RSQS(58 : 10). The result then follows from Lemma 4.1 with a (1, 2)-RCQS(487 : 10) in
Lemma 3.12.
For v = 358, we begin with a (1, 2)-RCQS(443 : 2) in Theorem 3.2 and apply Lemma 4.1 with a (1, 2)-RSQS(46 : 22)
in Lemma 4.2 to obtain a (1, 2)-RSQS(134 : 22). The result then follows from Lemma 4.1 with a (1, 2)-RCQS(1123 : 22) in
Theorem 3.2.
For v = 386, we begin with a (1, 2)-RCQS(1283 : 2) in Theorem 3.2 and apply Lemma 4.1 with a (1, 2)-RSQS(130 : 2)
above to obtain the desired design.
For v = 430, we begin with a (1, 2)-RCQS(125 : 2) in Lemma 3.6 and apply Lemma 4.1 with a (1, 2)-RSQS(14 : 2)
in Theorem 1.2 to obtain a (1, 2)-RSQS(62 : 14). Then, we begin with a (1, 2)-RCQS(483 : 14) in Theorem 3.2 and apply
Lemma 4.1with the (1, 2)-RSQS(62 : 14) to obtain a (1, 2)-RSQS(158 : 62) and then a (1, 2)-RSQS(158 : 22), since there is a
(1, 2)-RCQS(203 : 2) in Theorem 3.2. The result then follows from Lemma 4.1 with a (1, 2)-RCQS(1363 : 22) in Theorem 3.2.
For v = 778, we begin with a (1, 2)-RCQS(367 : 22) in Lemma 3.12, apply Lemma 4.1 with a (1, 2)-RSQS(58 : 22) above
to obtain a (1, 2)-RSQS(274 : 22). The result then follows from Lemma 4.1 with a (1, 2)-RCQS(2523 : 22) in Theorem 3.2.
For v = 1018, we beginwith a (1, 2)-RCQS(487 : 10) in Lemma 3.12, apply Lemma 4.1with a (1, 2)-RSQS(58 : 10) above
to obtain a (1, 2)-RSQS(346 : 10). The result then follows from Lemma 4.1 with a (1, 2)-RCQS(3363 : 10) in Theorem 3.2.
For v = 1030, we begin with a (1, 2)-RCQS(363 : 10) in Theorem 3.2 and apply Lemma 4.1 with a (1, 2)-RSQS(46 : 10)
in Lemma 4.2 to obtain a (1, 2)-RSQS(118 : 10). Applying Lemma 4.2 with a (1, 2)-RCQS(1163 : 2) in Theorem 3.2
and the (1, 2)-RSQS(118 : 10), we obtain a (1, 2)-RSQS(350 : 10). The result then follows from Lemma 4.1 with a
(1, 2)-RCQS(3403 : 10) in Theorem 3.2.
For v = 1070, we begin with a (1, 2)-RCQS(3563 : 2) in Theorem 3.2 and apply Lemma 4.1 with a (1, 2)-RSQS(358 : 2)
above to obtain an RSQS(1, 2, 1070).
For v = 3142, we begin with a (1, 2)-RCQS(443 : 2) in Theorem 3.2 and apply Lemma 4.1 with a (1, 2)-RSQS(46 : 22)
in Lemma 4.2 to obtain a (1, 2)-RSQS(134 : 22). Applying Lemma 4.1 with a (1, 2)-RCQS(1123 : 22) in Theorem 3.2 and
the (1, 2)-RSQS(134 : 22), we obtain a (1, 2)-RSQS(358 : 22) and a (1, 2)-RSQS(358 : 10). Applying Lemma 4.1 with a
(1, 2)-RCQS(3483 : 10) in Theorem 3.2 and the (1, 2)-RSQS(358 : 10), we obtain a (1, 2)-RSQS(1054 : 10). The result then
follows from Lemma 4.1 with a (1, 2)-RCQS(10443 : 10) in Theorem 3.2.
Proof of Theorem 1.3. Combining Theorem 1.2 and Lemma 4.3, we complete the proof of Theorem 1.3. 
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